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"Bayesian Diagnosis of Transient vs Permanent Faults’, January 1998.

Note: In this report, there are references to equations (1) and (2), figures 1-8, tables 1
and 2 and reference [9] which are in the above paper.
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Addenda to section 3. Behaviour of the proposed method

A designer would not need to forecast the detailed responses of the diagnosis algorithm, as they
are 'normatively correct'. Sill we may want to understand the general pattern of response and
how it is affected by the parameters of the failure model. Here, we study how the posterior
probability of the conjecture “the component is permanently faulty” changes over time when the
test results are a sequence of either s consecutive successes or f consecutive failures. Assume
that this sequence starts after the i-th test round, at which time Ppost(Perm(i))=p0. We define
these two functions:

Ppost(S, PO) = Ppost(Perm(i+s) | Ppost(Perm(i) =p0 , success(j) for j=i+1,...i+s)
Ppost(f, P0) = Prost(Perm(i+f) | Ppost(Perm(i) =p0 , failure(j) for j=i+1,...i+f)

The expressions of the two probabilities above

Ppost(f, p0) and Ppost(s, p0) are obtained by repetedly applying equation (2), starting with a
Prost(Perm(i))=p0. The following equations can be proved true by induction:
Ppost(f, p0)=

[ pOEﬁP( failure(i) | Pperm(i — 1)) - P( failure(i) 0= Perm(i) | - Perm(i —1))] +

(1- pO) Bp P( failure(i) | Perm(i)) ({1~ Qf )] /

[(1— p0) [iP( failure(i) | Pperm(i ~ 1)) - P( failure(i) (1= Perm(i) | ~ Perm(i —1))] qQ)f +

pOEﬁP( failure(i) | Pperm(i — 1)) - P( failure(i) O—Perm(i) | - Perm(i —1))] +

(1~ p0) BpP( failure(i) | Perm(i)) {1~ Q )]

OP( failure(i) O=Perm(i) |- Perm(i —1)) O

where Q= P( failure(i) | Perm(i - 1))

Ppost(s, p0) =
[ pofip(success(i) 0~ Permi) |~ Perm(i - 1) - P(success(i) | Perm(i ~1)] +
(1- pO) o {P(success(i) | Perm(i - ) fQs-1)] /
[ (2 p0) iP(success(i) 1~ Perm(i) | ~ Perm(i - 1)) - P(success{i) | Perm(i ~1))] [+
PO [fiP(success(i) 01— Perm(i) | ~ Perm(i 1)) ~ P(success(i) | Perm(i ~1))] +
+(L- p0) (B0 [{P(success(i) | Perm(i ~1))) Q-1)]

where Q= JP(success(i) O~ Perm(i) |~ Perm(i - 1)) 0
] P(success(i) | Perm(i - 1))

NOTE: In the following subsections, all the results indicated as “approximate” have been
proven to have negligible error under the (sufficient but not necessary) condition that the



probability of observing failures becomes at least ten times higher after a component becomes
permanently faulty:

P( failure(i) 0~ Perm(i)|~Perm(i —1)) < 0.10P( failure(i)|Perm(i))

or, in other words, that transient faults do make a sizeable difference in the probability that the
component failsatest. Detailsarein [9].

3.1 Effect of sequences of successes

As tests accumulate in which only successes are observed, the probability of permanent fault
asymptotically tendsto alimiting value L:

L= lim Ppost(Perm(l+s)|Ppost(Perm(|)) pO, success(j) forall j Ofi +1,. |+s})

S +oo

= lim Ppost(s, p0)

S— +o0

Usually, L >0: there is anon-zero probability of the component being permanently faulty, even
though it has never failed atest (yet). The expression forPpost(s, p0) is given in the box at the

beginning of this section. L takes different values depending on whether:

P(success(i) O- Perm(i) | - Perm(i — 1)) > P(success(i) | Perm(i - 1)) 3

P(success(i) - Perm(i) | - Perm(i — 1)) <1
P(success(i) | Perm(i —1))

if

D_QDDDQ_D

P(success(i) O-Perm(i) | = Perm(i — 1)) _1

0 i P(success(i) | Perm(i —1))
L=
6p it P(success(i) O-Perm(i) | = Perm(i — 1)) S
nP(success(i) [~Perm(i-1)) _, P(success(i) | Perm(i —1))

P(success(i) | Perm(i — 1))

I o

If, asis usually the case, (3) is verified, one obtains:

- &
- = Plsuccess() [-Perm( -1 _, “)
P(success() | Perm(i ~1)

As can be seen from (4), if P(success(i)|-Perm(i-1))>2*P(success(i) |Perm(i-1)), L is small
(L< 6p).

If pO<L, Ppost(s, p0) quickly tends to L as sincreases. If pO>L, Ppost(s, p0) decreases
approaching L (Fig. 9). This decrease can be described in terms of a parameter ¢, defined as:

o= P(success(i)| Perm(i —1)) O
gEP(success(l)D—uPerm(|)| Perm(i - 1))5




The number s of successes needed to reach a certain value of Ppost(s, p0) is approximately
proportional to 1/c, so long as Ppost(s, p0) >>L. This behaviour can be observed in Fig. 9.
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Figure 9. Ppost(s, p0) as a function of the number of consecutive successes, s,

starting from p0=0.999. For s— o, each curve tends to its own asymptote L,
very close to O.

Useful equations (used for nost of the follow ng mat hemati g
P(failure(i) (- Perm(i)|— Perm(i-1))=P(failure(i)| = Perm(i))- Bp* P(fail ure(i)| Perm(i))
P(success(i) LA Perm(i)|~Perm(i-1))=P(success(i)| - Perm(i))- 6p* P(success(i)| Perm(i))
P(failure(i)|Perm(i-1))=P(failure(i)| Perm(i))

P(success(i)|Perm(i-1))= P(success(i)|Perm(i))
P(success(i)|Perm(i-1))= 1-P(failure(i)|Perm(i-1))
log (x*y) = log(x)+ log(y)

log(1/x)=-log(x)

al

deri-

Why Ppost(s,p0) is approximately proportional to 1/c so |ong alis Ppost

The function S,(p) gives the number of consecutive successes that one would need to observe
for the probability Ppost(Perm) to decrease from pO0 to p. Here we are only considering the case
in which p and p0 are greater than L (pO>p>L). The opposite case (pO<p<L) has been studied
as well but we will not report it asit is not of much interest. An expression for S,o(p) can be

obtained by solving for s the equation Ppost(s, p0) =p.
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Using the definition of ¢ we can write

s :

0 0

B P(success(i)| Perm(i —1)) — P(success(i)| ~Perm(i —2))0. . 00O
Spo(P) = Da . P(success(i)| Perm(i - 1)) H*%q al
0 OP(success(i)| Perm(i - 1)) - P(success(i)| ~Perm(i -1)0 . (1

0% P(success(i)| Perm(i - 1)) %

Since r(suecess(i)| Perm(i ~1) = Plsuccess(i)| ~Permii ~1)) £_ epgl— this last expression can be
E P(success(i)| Perm(i —1)) E

rewritten as:
SR
Spo(|o)-1ﬁoq1 P9, Eb
Eboghlum
that is.
O

~1-p0 O

Spo(P)= £ (Floar >+ logrp e +1fe 2 @ o o

One can see that, when p>>L, log Ell+ D= 1og E&D, thus Sy(p) iswell approximated by:
L 1D La

O

+1o 1 1-p0 O
| QEP[}‘% % ggoOEIEH_D%

Now log(x*y)=log (x) + log (y) and therefore:

SpO(p) :%@OQ

O

in o2 o




O
=E@OQL§+E 1- pO +|oggitg
c 1-pOd c

E %:)OE]]L+1D
_1 p U
_C@Ogl—pg

C(p0) isaconstant value (i.e. it does not depend on p), such that S,(p0)=0.

+ C(p0)

The absolute error produced in using this approximate expression for Spy(p) is

10 LD C .
E%—Iog%—g%, which is negligible when p>>L.

Conclusion: if p>>L (pO>p>>L), the number of successes s required to reduce
Ppost(po,s) from p0to p is approximately proportional to c

3.2 Effect of sequences of failures

Ppost(f, p0) obviously increases with f and tends to 1 for f - co. We will use the notation
Foo(p) to denote the number of consecutive failures that need to be observed for Ppost(f, p0) to
reach avalue p >p0. Figure 10 shows two curves of Ppost(f, p0) as a function of f, for pO=0.
The curves can be described in terms of two parameters:

a=log(P(Perm(i) | ~Perm(i —1))),

(related to the rate of occurrence of permanent faults) and

OP(failure(i) O-~Perm(i) |~ Perm(i —1)) T

b=1log P(failure(i) | Perm(i - 1))

(describing how much a permanent fault increases the probability of failure))

To give an idea of the speed of increase of Ppost(f, p0), we can say that Fy(0.5)=a/b

(with negligible error bounded by

Iogﬁgje’gep)‘ ); for any pair p,p0 with 1>p>p0 >0, the

number of failures, f, needed to make Ppost(f, p0) = p is approximately proportional to |_t1)|:

Foo(p) O 1 (thisis an approximation with negligible error if p0>> 6p)

I
The shape of each curve is determined by the system parameters, not by pO. If p0£0, it is
sufficient to shift the origin of the x axis so that the chosen curve intersects the point (0,p0).
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Figure 10. Increase of Ppost(f, pO) as a function of the number of consecutive
failures, f, starting from the value p0=0. For f - o, all curves tend to 1.

How we derived the results concerning a and b:

The function F(p) givesthe number of consecutive failures to be observed for the probability
Ppost(Perm) to increase from p0 to p. We will only consider Fy(p), considering that for any
P00 one can write Fpo(p)=Fo(p)-Fo(p0). An expression for Fq(p) can be obtained by solving
for f the equation Ppost(f, 0) =p.

) 1
Folp)= 1o P failure(i) 0~ Perm(i)| ~ Perm( 0
g P( failure(i)| Perm(i - 1))
0 0 5 _ P(failure()) 0-~Perm(i)| ~Perm(i-1) _, O, [
EL 1 P( failure(i)| Perm(i — 1)) Opg OpES
o |ogl_p—log 6p O
a [l
0 0

We can approximate the previous equation, with negligible error when p>>6p (the error has

been proved to be negligible under the sufficient condition
P(fajlure(i)D—'Perm(i)l—'Perm(i—1))<01) b
P( failure(i)| Perm(i —1)) )by

. 1 1 g PR
Fo(p)= DP(faiIure(i)DﬂPefm(i)l"Pefm(i‘1))D%Iog1—p log@loH

log P( failure(i)| Perm(i - 1))
: OP( failure(i) O-Perm(i) | -~ Perm(i —1)) 0 : :
Denoting IogE P(failure() [ Perm(i —1) H by b and log(6p) by a we will rewrite the

previous expression as ( log(a/b)=log(a)-log(b) ):




- 1 1 P
Fo(p)= . DP(faiIure(i)D—|Perm(i)|—|Perm(i—1))D%Iogl—p %0 oo
9 P( failure(i)| Perm(i - 1))

—E%Io i—Io L
b 91-p YgH
a 1 p O
=_—-= | PR
b b%ogl—pa

One can see that the approximate expression of Fy(p) is proportional to b and that for p=0.5 we
have Fy(0.5)=a/b.

If p>p0>>0p:
Fpo(p)=Fo(p)—Fo(p0)=
:_ bt M1 pE__er%_ 910 poE_
b% ggmlp)ggu

Asonecan see, Fyo(p) O = Ibl

3.3 Useful descriptive measures

For given values of the parameters, i.e., characteristics of the component and of the testing
procedure, the diagnosis algorithm needs simply to apply equation (2) after each test round.
This produces the correct posterior probability of permanent fault, as a function of the whole
past history of observed successes and failures. Every possible history will produce a different
evolution of Ppost(Perm). To understand the influence of the parameters, some less detailed
description is desirable: we now define two measures that describe important macroscopic
aspects of how Ppost(Perm) changes with test results, and will be useful in the rest of the paper.
3.3.1 Reaction to observing a first failure

In the operation of a system, long series of successes will usually separate any failures or
clusters of failures. So, a common case is that a failure is observed at a test round i when
Porior(Perm(i)) =L. A useful descriptive measure is thus F(0.5), the number of consecutive
failures which have to be observed for Ppost(Perm) to increase from L to 0.5. Thisvalueis
approximated by:

FL(05)= =L og(ep+ 1)

a_ Iog(P( failure(i) | Perm(i)))
b b

(o3

a_ log(P( failure(i) | Perm(i)))
b

\My FL(05) = b

== log(6p+ L)

i P(success(i) 0= Perm(i) | - Perm(i - 1))

. _ >1, whichisusually the case, we have that:
P(success(i) | Perm(i —1))




L= & _ Bp [P(success(i) | Perm(i —1)) _
P(success(i) [~Perm(i —1)) _,  P(success(i) |~ Perm(i —1)) - P(success(i) | Perm(i - 1))
P(success(i) | Perm(i —1))

) 1
Fo(b)= o IP(failure(i) 0 Permi| ~Perm(i ‘1))DD
g P(failure(i)| Perm(i 1))

0 1 ]
09" :
= %P( failure(i) | Perm(i ~1) - P( failure(i) 0~ Perm(i) |~ Perm(i ~1)) - o (P( failure(i)| Perm(i ~1)) 0, epD%
0 H- P( failure(i)| Perm(i — 1)) alie
Crlog d
0 %» 1

Seeing that P(failure(i) G- Perm(i)|~ Perm(i-1))=P(fail ure(i)|~ Perm(i))- 8p* P(fail ure(i)| Perm(i-1)):

P( failure(i) | Perm(i - 1)) - P(failure(i) |~ Perm(i - 1)) _ P(success(i) | ~Perm(i —1)) - P(success(i) | Perm(i ~1)) _

P(failure(i) | Perm(i - 1)) P(failure(i) | Perm(i - 1))
_ P(success(i) | = Perm(i —1)) - P(success(i) | Perm(i — 1)) EP(succ&es(i) | Perm(i —1))[Bp _
- P(success(i) | Perm(i — 1)) [Bp P(failure(i) |Perm(i-1)

_ 1 P(success(i) | Perm(i - 1)) (Bp
T L P(failure(i) | Perm(i —1))

We can rewrite:

O | [P(success(i)| Perm(i —1)) 0, , (1

1 B 1 H‘%QEEP(failure(iﬂPerm(i—l)) +op .
Fo(L)=BE%Ll091_L—Iog o N
: :

0
_1 1 1 .
_b%logl—L 1% 5 Failure()) [ Perm( 1)
- % ({-log[(1- L) CP( failure(i)| Perm(i ~1)])

:%[Q—mg[ P( failure(i)| Perm(i ~1)])

Seeing that F(0.5) =F(0.5) -Fo(L) and that Fy(0.5) =a/b we have the result:

a_ Iog(P( failure(i) | Perm(i)))
b b
We can aso write

FL(0.5) =F(0.5) -Fo(L)=

FL(0.5=




O O _ 1) P(failure(i) 0-Perm(i)| ~Perm(i-1)) O 0O
19 95% P( failure(i)| Perm(i — 1)) o+ oy
=B[Eogo.5—log o
:
O 1) P(failure(i) 0~Perm(i)|~Perm(i-1)) 0 .0 O
1 il P( failure(i)| Perm(i - 1)) PE" %y 3
—Iogl_L+Iog ) O
0
H
0
0
-1 fiog 05
b 270 _ [ P(failure(i) 0-~Perm(i)|~Perm(i-1)) 0 _ U
g BOS% P( failure(i)| Perm(i ~1)) PH* g
_ 1 O _ P(failure(i) O-Perm(i)|-Perm(i-1)) , U m
oot 'OQEL% P( failure(i)| Perm(i - 1)) P Qp%

Under the assumption that P(failure(i) 0-Perm(i) | ~Perm(i)) < 0.10P(failure(i) | Perm(i)), the first
logarithm from the l€eft is approximately zero. Since Iogﬁ isaso close to zero, we can write

P( failure(i) 0~ Perm(i)| - Perm(i
P( failure(i)| Perm(i - 1))

0 - i
FL(05) =Fo(0.5)-Fo(L)= 1 togri (- 2 - gpe+ opct
0 i

%Eﬂog(L+9p).

F_(0.5) isagood indicator of how rapidely the probability of permanent fault grows when one
first starts observing failures. Of course, it isusually a non-integer. Since test rounds happen in
integer numbers, the diagnosis can only be updated after an integer number of observations,
and any decision based on it will be somewhat insensitive to small errorsin parameter values.

3.3.2 How frequently tests must fail to produce a high posterior probability of
permanent faults

It is also interesting to consider the case in which successes and failures alternate (not
necessarily inaregular pattern), causing Ppost(Perm) to oscillate. We would then like to know
by how much failures must outnumber successes for our diagnosis to veer decidedly towards
“permanently faulty”.

It turns out that, as long as Ppost(Perm)>>L, the effects of one failure will be completely
cancelled by a series of b/c successes. These need not be in an uninterrupted sequence,
provided every additional failureisfollowed by b/c additional successes. With ahigher ratio
of successes to failures, Ppost(Perm) decreases towards L; with a lower ratio, it increases
towards 1. We shdll call thevaueb/c the success/failureratio threshold, or Tsir




Way Tsir =b/c

Fo1(p2) gives the number of failures that will increase Ppost(perm) from pl to p2 while S;(p1)

gives the number of successes that will return to the probability pl from p2. Theratio sz((rE)Z;
Fo1

gives the average number of successes that will cancel the effects of one failure. From the
previous studies it has been said that if pl,p2>>max (L,6p), Fpi(p2) is proportional to 1/b,

while S, (p2) is proportional to 1/c. Thus, if pl,p2>>max (L,6p), we can expect :02((;’2 not
pl

to depend on pl and p2 but to be approximately constant:

Sp2(P) _b
Fou(p2) ¢

We will now show it analyticaly.

Fo1(p2) and S,1(p2) are well approximated (when pl,p2>>max(L,6p)) by :

O Dlﬁp(success(mperm(l 1)) — P(success(i) | - Perm(i - 1))EDD
1 - 1-p2 P(success(i)| Perm(i —1))
Sp2(pD) = tog —— +log - g
C g 1-pl %P(wcce&s(l)wermo 1)) — P(success(i)| - Perm(i — 1))[13D
0 Ep P(success(i)| Perm(i - 1) H
1 -p2

og +log P
c -pl p2 E
and

Fa(p2)= (T log 7~ > -log o0

. . _ 1) . .
Under the previous conditions on pl and p2, the ratio % Is approximately constant value
pl

and independent of values of p1 and p2:

p1d
Sp2(pl) 1 pl H

For( p2) % 1- pl
pl log— P —log P=
09y 09 pZH

oloc

Table 3 summarises the parameters and descriptive measures defined in this section.

Intermediate parameters Descriptive measures

a=log(P(Perm(i) | = Perm(i —1))) L= & _
b= log_PUfallure() O~Permii) | ~Perm(i ~1)0 P(success(i) | ~Perm(i =1)) _,
H  P(failure()[Perm(i-1) O P(success(i) | Perm(i -1))
O
H

log(P failure(i) | Perm(
c= P(success(i)| Perm(i - 1)) FL(0-5)=%‘ og(P( fai Uri('ﬂ erm(i)))
) gEP(SUCCess(l) O-Perm(i)| ~Perm(i - 1))

b
Tsr :E

Table 3. Expressions for the intermediate parameters and the descriptive
measures defined

10




Addenda to section 4.Application to different scenarios

Table 4 lists the hypotheses characterising the three scenarios. Taking account of the additional
model parameters we define here, the expressions defined in Section 3 become rather complex;
they can be found in the Appendix. Here, we specify the assumptions for the three scenarios
and describe the general behaviour of the diagnosis algorithm (detailsarein [9]):

Scenario A: All faults in a component cause it to fail tests. So, a test success implies
certainty that the component is non-faulty (as can be confirmed by applying equation (2) using
success as the value for evidence(i)). Clearly, L = 0. The only non-obvious problem in
diagnosis is discriminating between transient and permanent faults, after test failures are
observed.

Scenario B: Even when faulty, a component may still produce correct test data, with
probabilities ap if there are permanent faults and at in case of transient faults only. The
parameters ap and at describe both the fault manifestation characteristics of the component
(e.g., rate of intermittent manifestation of permanent faults) and the coverage of the tests. The
adjudication is 'perfect’ (error-free).

The implications of sequences of successes are less obvious than in Scenario A. Observing a
success does not warrant certainty that the component is non-faulty: in particular, the limit L is
greater than 0. The expressions for Ppost(f,p0) and Ppost(s,p0) in this scenario are given in the
appendix in equations (A2) and (A3), respectively. If at = ap, Ppost(f,p0) is the same as for
Scenario A. Indeed, a test failure means that there is a fault (since we assume perfect
adjudication): all that the diagnosis has to do is to assign probabilities of this being permanent
vs transient, based on the ratio of their respective probabilities of causing a failure. With
at=ap, this ratio is the same as in Scenario A. For a given pair (s,p0), and if
P(success(i) [ Perm(i)|=Perm(i-1)) is substantially greater than P(success(i)|Perm(i-1)), the
right-hand term in (A3) depends almost only on ap, irrespective of the values taken by the
other parameters: intuitively, the main reason for doubting that a test success implies absence of
permanent faultsis the possibility that the latter may not become manifest in testing.

Scenario C: The same as scenario B, but the adjudication process may misinterpret the data
collected. This behaviour is modelled by 2 parameters: with probability 1 erroneous data are
interpreted as a success, and with probability 2 correct dataare interpreted as afailure. These
parameters model both the possibility of physical faults affecting the adjudication, and of the
adjudication being imperfect by design (e.g., software-implemented “ reasonableness tests’” on
program results).

Equations (A4) and (A5) describe Ppost(f,p0) and Ppost(s,p0) for this scenario. If both £1 and
(2 are smaller than 6t and 6p, (which is plausible if adjudication errors are due to physical
faults only), these functions will take very similar values to those in Scenario B.

11



i-th Observation phase i-th Adjudication phase
state of correctness of the data correctness test results
component collected of the data
during collected
observation
Ok(i) correct(i) correct(i) success(i)
Scen.A | Perm(i) erroneous(i) erroneous(i) failure(i)
Temp(i) erroneous(i)
Ok(i) correct(i)
Scen.B | Perm(i) erroneous(i) with prob 1-ap | correct(i) sucoess(i)
correct(i)  with prob ap
Temp(i) erroneous(i) with prob 1-at | erroneous(i) failure(i)
correct(i)  with prob at
Ok(i) correct(i) correct(i) success(i) with prob 1-32
failure(i)  with prob g2
Scen.C | Perm(i) erroneous(i) with prob 1-ap | erroneous(i) failure(i)  with prob 1-81
correct(i)  with prob ap success(i) with prob S1
Temp(i) erroneous(i) with prob 1-at
correct(i)  with prob at

Table 4. Hypotheses for the three scenarios

Appendix

Herewelist all the formulas needed for applying this diagnosis method, and the expressions of
the intermediate parameters and descriptive measures used in the paper, for the three scenarios
considered. More detailsarein [9].

Scenario A (a=0,=B1=32=0):

_ p-a')
f,0)= Al
Ppoat(1.0) 9pﬂ1—6tf)+9[]c [1-er) (A1)

Scenario B (B1=p2=0):

O

0 N
POCL- Ot {1 ar)~ar ) + (1- pO) BpLlL—ar ) (AL- (L~

H Dl—ap DH

Daml—at)ﬂf

a- pO)(l—GtEﬂl—at)-ap)W% + (A2)

Poost (f, p0) =

0 0
Lot 1-ay)C
+pOML- B {L-ay) - ap) +(1- pO)@pml—ap)iHl—EET;mE E

12



O
POML-6p— 6t [l-ar) —ap)+(1- p0) Bpler, % —fp- afﬂl Oft)DS 1@

]
Ppost (s, PO) = o EIS
_ 6 N —6p-6t{1-ay)
(1-pO)1-6p-6r{1-ay) ap)% ap %+ (A3)
N s
pOEﬂl—Qp—GtEﬂl—at)—ap)+(1—pO)@pmp%l % ztml a) - _qp
p
Scenario C:
_ porfi-ap) M- A1) + o (B2 6t {1~ ap) (- 1) - (1- 60— 6t ({1~ 1)) [B2) +
Poost (. p0) =

(1- pO)((1-ap) - B) +a (B2 - A [{L-ay) (L.~ B1) - (1~ Gp— L ({1~ ) [B2) @ +
(1= pO) Bprf(1- ap) - p) + (B2 - Q)
pOT{(L~a ) L~ B +a p (B2~ 6L [{1—ay) (L~ B1) ~ (1- Op - A [1- 1)) (B2)

(1- pO) Bprf(d- ap) - A + a1 (B2) - Q)

(A4)
where o= (AT-a0T-pY +(1-6p-8 {-a\)) (B2)
(1-ap)-pY+ap B2
pOdi(l-6p-6tMl-oay))1-B2)+&x[(1-a;) (Bl-Llll-ap) - (A-B2) g | +
Pra(spy =8 t t . d

(L- pO) Cf(1 - Bp— 6t [{1— ) ({1~ 52) + 6t ({1~ r) [BL— BLL -1 p) (L 52) ar | QS +
(1 pO) BB~ ) + (1~ £2) rp) QS 1)
PO~ fp - B (1~ a)) {1~ B2) + 6t ({1 - ay) [BL- BLIL- a1 p) — (1~ B2) ) +

(1- pO) BRIfBLIL - arp) + (1- f2) r ) Q% -1)

(AS)

1-6p-o@d-ay)[@-F2)+AML-ay)[BL

whereQ= BLL-a )+ (1- B2) @
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Scenario A

a=loggp, b=loglt =0, F (05)=alb

= - al-ay) _ 0 p 0
=1 , b=log———=, = <
a=log6p og 1-a, c OgEfL—BtEﬂl-at)—epH ogayp
Scenario B o
S e-ay-am-a
Ip
log|l-a b
FL(0-5)=%—¥=%D]OQ(9P+L), Tar =
a=logép p=@-ay) - +(1-6p- B HL-ay)) (B2
’ (L-ap) - Y +ap (B2
Scenario C

- BLL-ap)+(1-B2) r,
(1-6p-al{l-ay))[1-B2)+&[(1-ai)Bl

6o

L=
(L- 60~ @) {1 2) + B C{(L- ) [BL+ o {1— 2)) + Bp {BLIL- ar p) + (1- B2) ) .

BLIL-ap)+(1- B2) [

a Iog((1—¢:7|[,)Eﬂl—[31)+[52Wp)~ 1 b

FLO8)= - - =, Hoo®+L), - Ter =

Table 5. Expressions for the intermediate parameters and descriptive measures

14




